We show that astrophysical gravitational waves can undergo an anomalous modulation when propagating through cosmic gauge field dark energy. A sufficiently strong effect, dependent on the gauge field energy density, would appear as a redshift-dependent opacity, thereby impacting the use of gravitational wave standard sirens to constrain the expansion history of the Universe. We investigate a particular model of cosmic gauge field dark energy and show that at early times it behaves like dark radiation, whereas a novel interaction causes it to drive cosmic acceleration at late times. Joint constraints on the cosmological scenario due to type 1a supernovae, baryon acoustic oscillations, and cosmic microwave background data are presented. In view of these constraints, we show that standard siren luminosity distances in the redshift range 0.5 z 1.5 would systematically dim by at most 1%.
II. A SIMPLE MODEL
To illustrate the effect of a cosmic gauge field on gravitational waves, we begin by considering a gauge field under general relativity:
where we use metric signature − + ++, M P is the reduced Planck mass, and L m represents any other fields that may be present. We take an SU(2) field
where g Y is the Yang-Mills coupling. Greek letters will be used to represent spacetime indices, and Latin letters i, j, ... are used for spatial indices. To match the symmetries of our cosmological spacetime having line element ds 2 = a 2 (τ )(−dτ 2 + d x 2 ), the gauge field is taken to be in a flavor-space locked configuration:
i.e. expressed in terms of a triad of mutually orthogonal vectors each associated with a direction of real space, as required to achieve an isotropic and homogeneous configuration. In this scenario, the gauge field fluctuates in the presence of a GW, in turn setting up travelling waves of its own. For ease of calculation, we consider a gravitational wave propagating in the z-direction:
Similarly, we consider a z-directed gauge field wave 
The equations of motion for left circularly polarized gravitational and gauge field waves decouple from the right circularly polarized modes. However, the equations of motion are identical for both circular polarizations in the Transmitted gravitational wave amplitude observed today as a function of the scale factor aEMIT at which it is emitted, for the case b1 = 0, b2 = b3 = 1.
short-wavelength limit, for wavenumber k much greater than both the expansion rate and the gauge field rate of change. Continuing, we write H = aM p h/ √ 2 and Y = √ 2ay, whereupon the Fourier amplitudes of monochromatic plane wave solutions to the equations of motion are then given by
Y (τ ) = e ib3τ c 1 cos bτ
Here the initial values are H(0) = c 0 , Y (0) = c 1 , the wavenumber k is taken to be large enough such that we can treat the coefficients b 1 = φ /aM P , b 2 = g Y φ 2 /aM P , b 3 = g Y φ/2 as constants, and b 2 = b . The strength of the modulation effect is controlled by the coefficients b i which, as we show later, are determined by the gauge field energy density in units of the critical density. Note further that we measure conformal time in units of H −1 0 and comoving wavenumbers k, b in units of H 0 . In the absence of the gauge field, the gravitational wave solution is simply H = c 0 e ikτ . Hence, the wave amplitude is constant, c 0 , as we have already accounted for redshifting. In the presence of the gauge field, the GW amplitude modulates.
The interaction between gravitational and gauge field waves is revealed by their rms amplitude in the high frequency limit, for which we let h(τ ) = H(τ )e ikτ and y(τ ) = Y (τ )e ikτ . Fig. 1 shows the oscillations of h and y for the simple case b 1 = 1, b 2 = b 3 = 0. We can use these curves to determine the behavior of a GW burst emitted at a time τ EM IT and observed at a time τ OBS . If the comoving separation is such that τ OBS − τ EM IT = π/2, then the GW will have completely converted into the gauge field by the present day. Hence, a gravitational wave observatory on Earth would record no signal. On the other hand, a GW burst from a more distant source whereby τ OBS − τ EM IT = π would be unaffected.
In general, this energy conversion is only partial. The right panel illustrates the scenario where b 1 = 0, b 2 = b 3 = 1, resulting in a smaller fraction of the GW energy being converted into the gauge field. In this case, the maximum conversion occurs when τ 0 − τ EM IT = (2n + 1)π/(2 √ 2) for n = 1, 2, . . .. Using standard cosmological parameters to compute conformal times, the most recent maximum conversion (n = 1) corresponds to a redshift of emission of z 1.7 (a/a 0 0.4).
To better illustrate this effect, we have plotted h(τ 0 − τ (a EM IT ))/h i versus scale factor a EM IT in Fig. 2 , for the second scenario. This curve represents a sort of visibility function for gravitational waves. To interpret the curve, choose the scale factor at the time of emission along the horizontal axis, in which case the height of the curve gives the transmitted gravitational wave fraction. For example, a gravitational wave emitted at a EM IT /a OBS ∼ 0.3 is dimmed by a factor 0.7; a gravitational wave emitted at a EM IT /a OBS ∼ 0.1 is not dimmed at all. It is easy to see that a standard siren cosmological distance determined from a GW amplitude will be systematically distorted by this effect. In order to make a realistic estimate of the distortion, next, we need to determine the properties of the gauge field in a viable cosmological scenario.
III. GAUGE QUINTESSENCE MODEL
Gauge quintessence is a model of dark energy based on a non-Abelian gauge field [11] which provides a suitable cosmological framework to investigate GWGF interactions. The model consists of an SU(2) gauge field minimally coupled to gravity, as specified by the following action:
where R is the Ricci scalar and S m is the action for Standard Model particles. The dual field isF aµν = 1 2 µναβ F a αβ . The novel λ term is responsible for the negative pressure, leading to cosmic acceleration. More general actions based on an SU(2) gauge field have also been studied, e.g. Refs. [12, 13] .
We note that cosmic acceleration under this term can be equivalently described by a system consisting of an axion field with Chern-Simons coupling, as in Chromo-Natural Inflation [14, 15] . In this case, the parameter λ can be related to the axion mass and the energy scale of the Chern-Simons coupling. However, these models are not equivalent outside of the accelerating regime. In the current scenario, the equation of motion for the gauge field follows from varying the action,
The stress-energy tensor is
We consider cosmological solutions wherein directions of the internal SU(2) space are aligned with the principle axes of the Cartesian, spatially flat Robertson-Walker spacetime ds
, namely the ansatz known as flavor-space locking of Eqn. (3) . For convenience we use primes to denote derivatives with respect to τ , and define κ ≡ 96λg 
The energy density and pressure are given by
where the terms involving κ are associated with dark energy, while the remaining contributions account for dark radiation. In this scenario, at early times the energy density is dominated by the κ−independent terms and behaves like a species of dark radiation. At early times, the approximate equation of motion φ + 2g
. Although this equation of motion resembles that of a scalar field in a quartic potential, the story is slightly more complicated. Whereas the expression for the energy density may look familiar, the "kinetic" term in the pressure has the wrong sign, such that the κ−independent equation of state is exactly 1/3. As the field evolves monotonically and the product φ φ 2 grows, the κ-dependent term dominates the energy density and pressure so that the equation of state approaches w → −1, thereby driving cosmic acceleration. In this regime, the solution to the equation of motion is approximately φ ∝ a(τ ) with a ∝ 1/(2τ a − τ ) for de Sitter-like expansion. However, the equation of motion cannot sustain this solution indefinitely. As a consequence, acceleration is only temporary, for the rapid oscillations of φ eventually bring w back up to 1/3 in the future.
The coefficients b i that control the gravitational wave -gauge field oscillations are now seen to be exactly the terms appearing in the radiation portion of the energy density in Eq. (12) . For example, b 1 ∝ aH √ Ω E and b 2 ∝ aH √ Ω B where E, B refer to the electric and magnetic field-like contributions to the gauge field radiation energy density. The coefficient b 3 controls the oscillation frequency in the equation of motion φ + 2g 2 Y φ 3 = 0. Hence, the modulation amplitude and frequency are directly related to the fraction of critical density in the gauge field radiation. Referring back to Eq. (7), we expect astrophysical gravitational waves to be modulated according to a factor
where
By the present day, we expect b 3 ∼ b 2 Ω −1/4 . Plugging in some rough numbers, for a radiation energy density contributing 1% of critical density (meaning w −0.99) then the modulation amplitude is ∼ 5%. This sets our expectations for the magnitude of the gravitational wave opacity effect.
We have also considered the cosmological dynamics in the case that the SU(2) gauge field is replaced by SU(N), where N is sufficiently large to contain N disjoint SU(2) subgroups. Details are provided in Appendix A. There it is shown that the background equations for the case N > 1 are equivalent to the SU(2) case when the following identifications are made:
Hence, our study is easily adapted to include larger gauge groups. We further note that the phenomena of gravitational wave -gauge field oscillations leads to interesting effects at long wavelengths, too. In Refs. [16, 17] we studied the effect of gauge field dark radiation on a primordial spectrum of long wavelength gravitational radiation. In Appendix B we show how a spectrum of long wavelength tensor fluctuations of the gauge field can seed a similar spectrum of gravitational waves.
A. E and B Solutions
We present the results of the numerical solution of the background equations of motion. Initial values φ, φ and parameters g Y , κ are chosen so that the dark energy equation of state is w = 1/3 at early times, deep in the radiation era, and evolves w → −1 by the present day. Since the dark energy component contributes a non-negligible fraction of the energy budget in the early stages of the matter dominated era, we refer to its contribution as "early dark energy" (EDE). Here we illustrate the case where Ω EDE = 0.001. The YM coupling sets the rate of oscillation of the gauge field, so that in order to enable slow roll-like behavior leading to cosmic acceleration we are compelled to set the coupling constantĝ Y ≡ g Y M P /H 0 to order unity. One free parameter remains, κ, which we use to ensure the correct abundance of dark energy at the present day. The photon, neutrino, baryon, and dark matter densities are fixed according to the standard cosmology.
There are two classes of solutions of the gauge field quintessence equation of motion that describe a radiationdominated fluid which later evolves into dark energy. These are the "B" solutions, in which g Y φ 2 |φ |, and the "E" solutions, in which g Y φ 2 |φ |. These two cases allow for the radiation-like portion of the energy density to dominate over the dark energy term. The nomenclature derives from the similarity with the electric and magnetic field components of the Faraday tensor of electromagnetism. The initial conditions for these two cases can be set as
where R ≡ Ω EDE /Ω r and Ω r is the fraction of critical density in photons and neutrinos. The above initial conditions ensure that the initial value of φ
i , appearing in Eqs. (12) (13) , is a constant. Hence, the gauge field energy density and pressure start out scaling as 1/a 4 and contribute a fraction Ω EDE of the total energy density, deep in the radiation era.
The B solutions are obtained by setting θ 1. These are the solutions studied in Ref. [11] . In this case, the equation of state is w = 1/3 until late times, when it sharply steps down to w −1. The function w(a) = (1−4 tanh n (a/a * ))/3 provides a reasonable fit to the numerical solution, illustrated in Fig. 3 , where parameters n ≥ 1 and a * depend on parameters R and Ω M . We note that both signs (±) of φ i are considered; there is a slight difference in the solutions, but the broad features are the same. The background evolution of the gauge field quintessence closely resembles that of ΛCDM plus ∆N ν additional light neutrino species as dark radiation. As such, the model is as viable as one of the most basic extensions of the vanilla ΛCDM cosmology, as explored in Ref. [11] . Current bounds N ν = 3.15 ± 0.23(1σ) [18] allow ∆N ν < 0.33 and therefore Ω EDE < 0.042(1σ). However, one interesting way in which the background evolution can differ from ΛCDM is suggested by the slight upturn in the equation of state shown in Fig. 3 . This upturn presages a sharp spike in w up to 1/3 in the future before returning back to near −1. By adjusting g Y larger or smaller the spike can be moved to earlier times or later times, into the future, respectively. Cosmic acceleration eventually ends in this model, but only after many e-foldings of the accelerated cosmic expansion.
The E solutions are obtained by setting θ π/2. The equation of state starts at w = 1/3, but it slowly evolves towards −1 as shown in Figs. 4-5, unlike for the B solution. In this case, the cosmic acceleration is temporary: the equation of state eventually returns to 1/3 as shown in the right panel of Fig. 5 , when the gauge field begins to oscillate. This return to radiation domination is in contrast with most freezing models of dark energy where the equation of state decreases toward -1, and only vaguely resembles most thawing models in which w typically evolves towards matter domination [19] . Fig. 5 shows the evolution of ρ D , ρ R and ρ M , the energy density of gauge quintessence, radiation, and matter, respectively. In general, increasingĝ Y or Ω EDE hastens the onset of oscillations of the gauge field, bringing the equation of state to 1/3 sooner in the future. This behavior, linking the early and late regimes, plays a significant role in determining the observational constraints on this model. It is interesting to compare the transition from radiation to dark energy behavior with a commonly studied EDE parametrization [20] . Therein, the fraction of dark energy at early times Ω EDE , its present day value Ω 0 D and w 0 as parameters are used to derive an analytical expression for the equation of state and abundance of dark energy as a function of a:
In this parametrization, the dark component equation of state closely adheres to that of the background until late times. Comparison of the evolution of w and Ω D in our model with their predictions using Ω EDE = 0.003 is shown in Fig. 7 . In contrast, the equation of state of the gauge quintessence model only loosely adheres to that of the background. Moreover, the equation of state arrives near w ∼ −1 very late, such that this model should be quite distinguishable from ΛCDM. 
B. Observational Constraints
We now present constraints on the cosmological parameters of the E solutions of gauge quintessence using a combination of type 1a supernovae (SNe), baryon acoustic oscillations (BAO), and cosmic microwave background (CMB) data. These parameters consist of the present-day abundance, Ω DE = 1 − Ω M , the abundance deep in the radiation era Ω EDE or alternatively as the abundance at recombination, Ω REC , and finally the Yang-Mills coupling, g Y . Our purpose is to determine a reasonable range of parameters which we can apply in our study of gravitational wave opacity.
Our constraint analysis proceeds from the following data sets. From SNe [21] we constrain the luminosity distanceredshift relationship, D L (z). From BAO [22] we constrain the volume-averaged distance D V (z) and angular diameter distance D M (z), at several redshifts spanning z ∼ 0.1 − 0.6, in units of the radius of the sound horizon at decoupling r d . We use constraints to the baryon density, ω b , cold dark matter density, ω c , and the angular diameter distance to the horizon at decoupling from the CMB [23, 24] . This follows the same procedure as in Ref. [22] . We also include the local determination of the Hubble constant [25] which has contributed to the tension in the current data set [26, 27] . We recognize that this procedure is a gross simplification of the influence of gauge field dark energy on cosmological observables. In earlier work, however, we evaluated the effect of scalar and tensor perturbations of a cosmic gauge field as dark radiation on the CMB [16, 17] . There, we found that the dark radiation, present in abundances consistent with the ∆N ν bounds from Big Bang Nucleosynthesis and CMB recombination physics, did not leave a significant imprint on the CMB anisotropy pattern. We are also ignoring the imprint of the integrated Sachs-Wolfe (ISW) effect on the CMB, which arises from the change to the late-time evolution of the gravitational potentials at the onset of dark-energy domination. However, we note that the other constraints keep the late-time equation of state of the dark energy close to −1. This means the ISW under these models will not be distinctive relative to the case of ΛCDM. For the time being, we feel justified in this simple analysis, and we expect that parameters within the constraint boundaries would stand up to a more rigorous analysis. Contours for various combinations of these data sets are shown in Figs. 8-9 . In Fig. 8 we show the supernova luminosity distance -redshift constraint (left) separately from the BAO and CMB constraints (right). Here, we have set the Yang-Mills coupling toĝ Y = 1. For the SNe, the constraint depends only on Ω M , Ω EDE , andĝ Y . For the BAO and CMB, we have marginalized over parameters H 0 , ω b , ω c . The dotted, dashed and solid lines represent the 1-, 2-and 3-σ contours, respectively. The BAO and CMB clearly give a tighter constraint, but the SNe are important for marking the boundary at the rightmost tip of the constraint region when the two curves are combined. Fig. 9 shows the combined constraints for three values of the Yang-Mills coupling,ĝ Y = 1, 5, 10 in red, blue, and green. The two panels show the same constraint regions with the horizontal axis marking either Ω EDE (left) or Ω REC (right). We note that increasingĝ Y shrinks the constraint region; stronger coupling shortens the duration of the accelerating epoch, but may be compensated for by decreasing the early-time abundance. Further decreasingĝ Y < 1 has the effect of continuing the accelerating era into the future, but otherwise has no effect on the constraint region.
The results shown here for an SU(2) gauge field can be generalized to SU(N) with N disjoint subgroups, as described in the Appendix. In short, the results for N subgroups, each withĝ Y N , are equivalent to the results for a single SU (2) withĝ
Hence, increasing the number of fields slightly extends the parameter region to the right, with diminishing effect asĝ Y 1 approaches unity from above.
IV. MODULATION OF GRAVITATIONAL WAVE AMPLITUDE
We now return to the phenomenon of GWGF oscillations and investigate it in the context of the E and B solutions of the gauge quintessence model as described by the action Eq. (8) . We start with a presentation of the full gravitational and gauge field wave equations of motion. We again consider z−directed gravitational and gauge field waves as given in Eqs. (4) (5) . To put the action in canonical form, we write
and furthermore to decouple the equations, we switch to the circular polarization basis
The full equations, in terms of the Fourier space amplitudes, are as follows:
The equations for v L , u L are obtained by replacing k → −k or g Y → −g Y . In Appendix A, we generalize these equations to the case where the action features N disjoint SU(2) subgroups. In this case the energy density and pressure become
and the equation of motion is
The gravitational and gauge field wave equations become
As derived in Ref. [9] , we obtain the equations of motion in the high-frequency limit by making the ansatz v = he −ikτ and u n = y n e −ikτ , whereupon the amplitudes evolve as
The equations for the left-handed polarization are obtained by taking g Y → −g Y , which is equivalent to taking the complex conjugate of the equations of motion. Hence, the results in terms of the wave amplitude are the same for either chirality. The background equations for the case N > 1 are equivalent to the SU(2) case when the following identifications are made:
Furthermore, when all the gauge field waves behave identically, such that y 1 = y 2 ..., then we define y N ≡ N −1
y n , such that if we rescale
then the high frequency equations of motion are equivalent to the SU(2) case. We solve the system of equations (27) describing high frequency gravitational and tensor gauge field waves. We use boundary conditions h = 1 and y = 0 to determine the gravitational wave opacity due to the gauge field. We can also see the origin of the coefficients referred to earlier as b 1 = φ /aM P , b 2 = g Y φ 2 /aM P , and b 3 = g Y φ. However, there is a new term in Eq. (27) that was not present in the simplified model of Sec II, namely the κ-dependent term. For consistency of our language, we redefine
Inspecting Eq. (27), we determine that these b i coefficients must be non-negligible relative to a /a, and b 3 not so much larger than b 1 , b 2 , in order for the gauge field wave to grow and thereby modulate the gravitational wave amplitude.
A. Gravitational Wave Opacity under B Solutions
The high-frequency gravitational wave transmission is nearly 100%, meaning the opacity is nearly zero, in the presence of the B solutions of the gauge quintessence equations of motion. An example is shown in Fig. 10 . The reason for the weak effect is that the dark energy equation of state w is so close to −1 that it suppresses the radiation portion of the gauge field energy density, with b 1 , b 2 b 3 . Consequently, the gauge field wave y is unexcited, thereby leaving the gravitational waves free to propagate.
B. Gravitational Wave Opacity under E Solutions
We naively expect the gravitational wave transmission to decrease by ∼ 1 − 10% in the presence of E solutions, since the gauge field energy density is non-negligible until late times. It is easy to find numerical examples of models that are superficially consistent with data -e.g. negative equation of state at present, abundant in the radiation era, consistent with the bound on ∆N ν -which lead to a significant suppression of gravitational wave amplitude. However, a careful analysis of observational constraints leads to a different story. The strongest possible effect in this Figure 10 : The high frequency gravitational wave transmission amplitude is shown for the case of a sample B solution, also illustrated in Fig. 3 . In this case, as with all B solutions, the effect of the gauge field is negligible and the transmission is nearly 100%. Only for GWs that originate at z 250 is there ∼ 0.5% suppression.
scenario is obtained when Ω EDE is largest. The high-frequency gravitational wave transmission dips by less than ∼ 1% in the presence of the E solutions of the gauge quintessence equations of motion that are also compatible with the observational constraints. The effect, illustrated in Fig. 11 , is peaked at z 1. In the absence of this resonant conversion of gravitational waves into gauge field waves, the amplitude should be constant since we have already accounted for the redshifting of the wave amplitude. For comparison, we also show the opacity for a model with Ω EDE that exceeds the observational bounds. The effect in the case of the E solutions is greater than for the B solutions because the coefficient b 3 is not so much larger than b 1 , b 2 ; that is, the radiation portion of the gauge field energy density is non-negligible. However, because the gauge field equation of state only slowly interpolates between 1/3 and −1 in the matter era, the effect on the expansion history pushes up against the observational constraints. Hence, the tight constraint on Ω EDE keeps compatibility with the angular-diameter distance to the CMB and also suppresses the effect on gravitational waves. Fig. 9 . The effect is small, with less than 1% dimming of standard sirens emitted near z = 1. For comparison, the dashed (blue) curve shows the transmission for a model with ΩM = 0.3,ĝY = 1, and ΩEDE = 0.003, which is incompatible with the observational constraints.
C. Detection
Will future gravitational wave observatories be able to detect the ∼ 1% modulation that we predict in this dark energy scenario? We first note that this effect is strongest for GWs emitted at a scale factor a/a 0 ∼ 0.5 or z ∼ 1. So detection requires a well-measured GW standard siren and a well-measured source redshift in the vicinity of z ∼ 1. Next, we consider the current and proposed observatories consisting of advanced LIGO and its extended network (HLV plus Japan and India), the Einstein Telescope, and LISA.
For advanced LIGO, the horizon redshift for binary neutron star inspirals (BNS) is forecast to be z < 0.1 [28] . This is too small to see the GW opacity effect. Of course, LIGO will see stellar binary black hole mergers at higher redshifts, but these are not expected to have EM counterparts. For the Einstein Telescope, the horizon distance for a 4 solar mass BNS system corresponds to a redshift z ∼ 2.9 [29] . This places the GW opacity effect within range. Under optimistic conditions, it is estimated that with 1000 GW sources, H 0 can be measured to 0.5% [30, 31] . For LISA, operating at a lower frequency range, the expected objects with a detectable EM counterpart are massive black hole binaries (MBHBs) [32] . Theoretical studies suggest that the bulk of the sources will appear in the redshift range 1 z 4. Under optimistic conditions, such as correcting for the effect of weak lensing [2] , it is expected that LISA standard sirens may be used to achieve a 1% determination of H 0 in a ΛCDM cosmology, assuming the matter density is already well determined. In the case of both the Einstein Telescope and LISA, the 1% modulation would seem to be at the limit of what the data sets from these observatories could achieve. However, the modulation affects only a subset of the sirens out to redshift 2.9 or 4, and is also accompanied by a non-ΛCDM evolution, so that the additional uncertainty in the dark energy equation of state very likely pushes the opacity effect out of reach.
V. DISCUSSION
In this work we have investigated a model of gauge field dark energy in which GWs are absorbed and re-emitted by the gauge field. This resonant conversion of energy translates into a distinct modulation pattern on the GW amplitude, which we describe as a redshift dependent opacity. Such an effect could have implications for the use of standard sirens to chart the cosmic expansion history. In the event the GW source can be coupled with an electromagnetic counterpart, it is expected that its luminosity distance can be inferred within 1 − 10% uncertainty [3] , which in turn can be used to constrain H 0 at the level of 0.5% in the most favorable scenarios [30] [31] [32] . The dark energy model under consideration, gauge quintessence, features an equation of state w = 1/3 at early times, but which evolves to w −1 by the present day. We have shown that there are two broad classes of gauge field evolution that realize these features, labelled B-and E-solutions. Whereas the equation of state under the B solution evolves sharply from w = 1/3 to w = −1, the evolution under the E solution is softer. The consequences are twofold. First, the field evolution in the late universe under the E solution is greater than the under the B solution. This means that the rate of gravitational wave -gauge field oscillation is greater under E than B. Second, the softer evolution of w under the E solutions means the gauge field energy density during the matter era is greater than under B. By evaluating the observational constraints based on SNe, CMB and BAO data, we have been able to determine the viable range of dark energy parameters. We used these results to study the gravitational wave opacity in these models.
Despite simple expectations that the opacity could have a ∼ 1 − 10% effect on gravitational wave amplitudes, we find that for realistic models the dimming is much smaller. For E solutions, the dimming is at most 1% for sources emitted near redshift z ∼ 1. For B solutions, the dimming is negligible. Hence, this speculative form of dark energy will not affect measurements of standard sirens.
In fact, rewriting equation Eqn. (2),
we note that the theory remains unchanged for different SU(N) gauges, provided A a µ is constructed according to one of the N 2 − 1 dimensional bases of su(2) -the algebra of SU (2) . Thus, while a now runs from 1, . . . , N 2 − 1, only those components of A µ which are mapped to an SU(2) subgroup of SU(N) will contribute to the field strength, and will do so identically to the N = 2 case.
The larger dimensionality, however, gives more freedom in choosing a particular basis of generators, since we are no longer limited to the Pauli matrices but may instead pick another basis to populate our gauge field. For example, with SU(3), one may define A a µ as either one of the following two matrices (omitting the time component): 
The second arrangement corresponds to the following basis
where the λ i denote the Gell-Mann matrices. One will also recognize it as the basis used in constructing one of the standard SU(3) ladder operators:
Since a basis for su(3) can be defined so as to carry over the Pauli matrices in the form of 2 × 2 block matrices embedded in 3 × 3 generators, we effectively end up with two SU(2) subgroups to choose from. Though more combinations of generators obeying the SU(2) commutation relations can be found, only those corresponding to the N − 1 basis elements of the Cartan subalgebra will here be considered, and henceforth referred to as independent.
In order to include more than one field in our action, the gauge field is taken as the sum of two or more subcomponents, each populated according to its own corresponding SU(2) subgroup:
where each individual A a µ (i) is labeled according to which independent SU(2) subgroup it corresponds to. In SU(4), there are 3 such subgroups, namely
where each generator making up the 15-dimensional basis of su (4) is now a 4 × 4 matrix. Furthermore, in building A a µ , only those A a µ (i) whose corresponding bases S i are disjoint may be combined, or else isotropy will be spoiled in the direction of overlap. For example, an SU(3) gauge-field built out of A a µ (1) and A a µ (2) will result in an anisotropic stress-energy tensor as the pressure component in the z direction will differ from the other two -a direct consequence of the fact that S 1 ∩ S 2 = λ 3 . Hence, for a two-field configuration, we consider the SU(4) gauge, where
This puts a further restriction on the maximum number of independent, non-overlapping gauge fields N one can form out for each of the N − 1 Cartan elements in SU(N), and it can easily be shown that N is the greatest integer such that N ≤ N/2. Therefore, our model can accommodate up to two fields in an SU(4) and SU(5) gauge, three in an SU (6) and SU (7) gauge, etc. This procedure can be generalized to any SU(N) group, and thus any number of field N. In order to devise a basis for su(N ), we seek N 2 − 1 linearly independent traceless Hermitian matrices. If we let M mn denote the N × N matrix with 1 in the m th row and n th column and zeroes elsewhere, these matrices may be constructed as follows:
where I is the N × N identity matrix and
is the normalization factor. The extra SU(2) subgroup can then be constructed similarly by considering the ladder operator corresponding to the extra Cartan element given by (I − N M N N )/ √ A N , and which in general can be associated with the following basis:
where generators are labelled according to the ordering prescribed by Eqn. (A10). In the case of N disjoint SU(2) subgroups, of which N R are right handed and N L are left handed, the energy density and pressure become
The gravitational wave equation becomes
For the gauge field waves with n ∈ [1, N R ], the equation of motion is
For the gauge field waves with n ∈ [N R + 1, N], the equation of motion is
These latter equations are obtained from the former by replacing g Y → −g Y , recognizing that this also swaps ∆N → −∆N. The high-frequency evolution equations similarly become
The equations for the left-handed polarization are obtained by taking
We have focused throughout this article on the behavior of gravitational waves in the presence of an initially smooth gauge field. Here we turn the situation around to investigate the interplay between tensor fluctuations of the gauge field and an initially smooth gravitational field. In particular, we consider the production of gravitational waves in the presence of a superhorizon gauge field wave. For simplicity, the theory is given by following action
All other fields, matter and radiation, are described by L m . In this scenario, the equation of motion for φ is then given by
which is solved analytically in terms of a Jacobi elliptic function
where τ i is some initial time. The constants c 1 and c 2 are determined at the initial time, which we will take to be deep in the radiation era, and may be expressed in terms of the fraction of critical density in the form of the gauge field, Ω EDE , plus a mixing angle θ that describes the apportionment of energy between the gauge electric and magnetic fields. Hence, we set
and allow θ ∈ [0, π/2]. We determine that c 1 = (2Ω EDE ) 1/4 (g Y H i M P ) 1/2 a i and c 2 = F (csc −1 ( √ sec θ)| − 1) where F is an elliptic integral of the first kind. Subsequently, we may write
where ψ(x) = sn(x| − 1) and dψ(x) = cn(x| − 1)dn(x| − 1) and x = c 1 (τ − τ i ) + c 2 .
We again consider tensor fluctuations of the gauge field, and the resulting gravitational waves, as given by Eqs. (4-5). We insert these into the action of Eq. (B1) and expand to second order. In the long-wavelength limit, the equations of motion are identical for both left-and right-circular polarizations so we drop the subscripts, whereby variation with respect to h and y yields y + 2 a a y + a a y = − 2 aM P g
This system of equations can be put in dimensionless form, definingτ = a i H i τ andg Y = g Y √ 2Ω Y M M P /H i and H i is the Hubble constant at the starting time, so thatτ i = 1:
The argument of the elliptic Jacobi functions is ψ = ψ(x[τ ]) where x = √ĝ Y (τ −τ i ) + c 2 . In previous work we considered the behavior of a primordial gravitational wave spectrum in the presence of an undisturbed flavor-space locked gauge field [17] . Here, we consider the behavior of the system subject to the initial conditions in which there is no gravitational wave, h i = h i = 0, but there is a frozen, superhorizon gauge field wave, y i = 0, y i = 0.
We consider first the case of color electrodynamics, which corresponds to setting g Y → 0 in Eqs. 
where α = 1−16Ω EDE . For Ω EDE 1, the gravitational wave amplitude asymptotes in the future to −y i /(2 √ Ω EDE ). In this same limit, the gauge field amplitude swaps from +y i to −y i .
In the case of SU(2), we integrate Eqs. B8-B9, subject to the same initial conditions h i = h i = 0, and y i = 0, y i = 0. We find that the gravitational wave amplitude grows rapidly and asymptotes to a constant value at timeτ P/ √ĝ Y M where P = Γ(1/4) 2 / √ 2π is the oscillation period of the Jacobi elliptic functions, while the final amplitude depends on the parameters g Y and Ω Y M . A sample case is shown in Fig. 12 , which illustrates our main result: a super-horizon gauge field wave creates a super-horizon gravitational wave. We leave for future investigations how this phenomenon may feature in a cosmological scenario. Figure 12 : A super-horizon gauge field wave creates a super-horizon gravitational wave. The gravitational wave amplitude h (solid) starts at zero but quickly asymptotes to a constant value. The gauge field wave y (dashed) starts at a constant value and decays. In this example we have set ΩEDE = 0.02 andgY = 1. We have chosen initial conditions for the background gauge field ψi = 1 and dψi = 0.
